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COUPLED FIXED POINT THEOREMS FOR CONTRACTION 

INVOLVING RATIONAL EXPRESSIONS IN PARTIALLY 

ORDERED METRIC SPACES 

BESSEM SAMET AND HABIB YAZIDI 



Abstract. We establish coupled fixed point theorems for contraction involv- 
ing rational expressions in partially ordered metric spaces. 



^ . 1. Introduction and preliminaries 

\^ • A number of generalizations of the well-known Banach contraction theorem [2] 

(— I , were obtained in various directions. Most of these deal with the generalizations of 

-^ ■ the contractive condition (see [SlElEliaiHlinillOlIIIlIIIlITllIIIlIIHlEniEIlEgand 

others) . Recently, Bhaskar and Lakshmikantham [i] , Nieto and Lopez [ini HZ] , Ran 
and Reurings [19] and Agarwal, El-Gebeily and O'Regan [Tj presented some new 
results for contractions in partially ordered metric spaces. 

In [3], Bhaskar and Lakshmikantham introduced the notion of a coupled fixed 
p^ I point and proved some coupled fixed point theorems for mappings satisfying a mixed 

monotone property. They discussed the problems of a uniqueness of a coupled 
fixed point and applied their theorems to problems of the existence and uniqueness 
^f) • of solution for a periodic boundary value problem. Lakshmikantham and Ciric 

[13] introduced the concept of a mixed g-monotone mapping and proved coupled 
f^ • coincidence and coupled common fixed point theorems that extend theorems due 

f^ , to Bhaskar and Lakshmikantham 4 . 

In this paper, we derive new coupled fixed point theorems in partially ordered 
metric space for mappings satisfying a mixed monotone property and a contractive 
condition involving rational expression. Our obtained results generalize theorems 
due to Bhaskar and Lakshmikantham [4]. 
j^ ' Before presenting the main results of the paper, we start by recalling some defi- 

nitions introduced in [J. 

Definition 1. Let {X, <) be a partially ordered set and F : X x X ^ X . We say 
that F has the mixed monotone property if for any x,y d X , 

x-Y-,x-2,^X, xi <X2^ F{xi,y) < F{x2,y), 
yi,y2 & X, yi < 2/2 ^ F{x, yi) > F{x, ya)- 

This definition coincides with the notion of a mixed monotone function on R^ and 
< represents the usual total order in R. 
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Definition 2. We call an element {x,y) ^ X x X a coupled fixed point of the 
mapping F : X x X ^>- X if 

F{x,y) = X and F{y,x) = y. 

Let {X, <) be a partially ordered set. Further, we endow the product space 
X X X with the following partial order: 

for (x, y), (u, v) E X X X, (u, v) < (x^y) '^ x > u, y < v. 

2. Coupled fixed point theorems 

2.1. Existence of a coupled fixed point. We start by the following result. 

Theorem 1. Let {X, <) be a partially ordered set and d be a metric on X such that 
{X, d) is a complete metric space. Let F : X x X ^ X be a continuous mapping 
having the mixed monotone property on X . For all {x, y), (u, v) € X x X , we denote 
by M((x,y), {u,v)) the quantity: 

2 + d{u,F{u,v)) + d{v,F{v,u)) ,, ^, ..2 + d{x,F{x,y)) + d{y,F{y,x)) 



nam 



d{x, F{x, y)) \ ' — , , ' ' , d(u, F{u, v)) ■ 



2 + d{x,u) + d{y,v) ' ' 2 + d{x,u) + d{y,v) 

Assume that there exists a, /3 > with a + /3 < I such that 

(2.1) d{Fix, y), F(u, v)) < aM{{x, y), (u, v)) + ^[dix, u) + d{y, v)] 

for all {x,y), (u, u) lE X x X with x > u and y < v. We assume that there exists 
xo,yo & X such that 

(2.2) xo<F{xo,yo) and yo> F{yo,xo). 
Then, F has a coupled fixed point {x,y) E X x X . 

Proof Since xq < F{xo,yo) = xi (say) and yo > F{yo,xo) = yi (say), letting 
X2 = F{xi,yi) and 2/2 = F{yi,xi). We denote: 

F'^{xo,yo) == F{F{xo,yo),F{yo,xo)) = F{xi,yi) ^ X2 
and 

F'^iyo, xo) = F{F(yo, xo),F{xo,yo)) = F{yi,xi) = y2- 
Due to the mixed property of F, we have: 

X2 == F{xi,yi) > F{xo,yi) > F{xo,yo) = xi 

and 

y2 = F{yi,xi) < F{yo,xi) < F{yo,xo)- 
Further, for n ^ 1, 2, • • • , we let, 

Xn+i = F"+i(a;o,yo) = F{F"{xo,yo),F"{yo,xo)) 
and 

iy„+i = F"+i(yo,2;o) = F(F"(2/o,2;o),F"(a;o,2;o)). 
We check easily that 

Xo < xi < X2 < ■ ■ ■ < a;„+i < ■ • • 
and 

2/0 > 2/1 > y2 > • • • > 2/n+i > • • • 
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Now, we claim that, for n G N*, 

P \" [d{xi,xo) +d{yi,yo)] 



(2.3) d{Xn+l,Xn) < , , 

\ 1 — a , 
and 

P \" [d{xi,xo) + d{yi,yo)] 



(2.4) d{yn+i,yn) < , ^ , „ 

1 — a J 2 

Indeed, for n = 1, using xi > xq, yi < j/o and (|2.ip . we get: 

d(a;2,xi) = d(F(xi,yi),F(a;o,yo)) 

<- ,,r// N . XN , oM(a:^o,2:i) + fi(yo,yi)] 

< aM{{xi,yi),(xo,yo))+ p 



2 

2 + d{xo, F{xo, yo)) + d(yo, F{yQ, xp)) 
2 + d{xo,xi) + d{yo,yi) 
[d{xo,xi) +d{yo,yi)] 



< ad{xi,F{xi,yi)) 

+/3 



= ad{xi, X2) + P 
This imphes that 



2 

[d{xo,xi) +d(2/o,2/i)] 



(1 - a)d{x2,xi) < p , 



I.e., 

,f \ ^ f 1^ \ [d{xa,xi)+d{ya,yi)] 
d{x„x,) < (^^— j . 

Similarly, 

d{y2,yi) = d{F{yi,xi),F{yo,xo)) 
= d{F{yo,xo),F{yi,xi)) 

,[d{xo,xi) +d{yo,yi)] 



< aM{{yo,xo),{yi,xi))+ P 

< ad{yi,F{yi,xi)) 



2 
2 + d{yo,F{yo, xp)) + d{xo,F{xo, yp)) 

2 + rf(j/o,yi) +d{xp,xi) 
[d{xp,xi) + d{yp,yi)] 



= ad{yi,y2)+/3 
which implies that 



2 

d{xp,xi) + d{yp,yi)] 



,f ^^\ P \[d{xo,xi) + d{yp,yi)] 

d[y2,yij < 



1 — a 
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Now, assume that (|2.3p and (|2.4|) hold. Usmg Xn+i > Xn and yn+i < Um we get 

d[Xn+2,Xn+l) = d{F{Xn+l, Un+l) , F{Xn, Un)) 

,[d{Xn+l,Xn) +d{yn+l,yn)] 



< aAf((a;„+i,2/„+i),(a;„,y„)) + /3 

< ad{Xn+l,Xn+2) 

+/3 



2 

2 + d{xn,Xn+i) + d{y„,y„+i) 
2 + d{Xn+l,Xn) + d{yn+i,yn) 
[d{Xn+l ,Xn) + d{yn+l , ?/„)] 



ad{Xn+l,Xn+2) + P 
d{Xn+2,Xn+l) < 



2 

[d{Xn+l,Xn) +d{yn+l,yn)] 



2 
This imphes that 

(3 \ [d{Xn+i,Xn)+d{yn+l,yn)] 



1-aJ 2 

< , f3 \"^ [d(xo,Xi) + d{yo,yi)] 



Similarly, one can show that 

d[y„+2,yn+i) < [YZr^j 2 

Since < < 1, p.3p and p.4p imply that {xn} and {y„} are Cauchy se- 

1 — a 
quences in X. 

Since (X, d) is a complete metric space, there exists {x,y) E X x X such that 
(2.5) lim Xn = X and lim y„ = y. 

Finally, we claim that {x,y) is a coupled fixed point of F. In fact, we have: 
d{F{x,y),x) < d{F{x,y),Xn+i) + d{xn+i,x) = d{F{x,y), F{xn,yn)) + d{xn+i,x). 
From (12. 5p and the continuity of i^, we get immediately that 

lim d{F{x,y),F{xn,yn)) +d{xn+i,x) = 0. 

Then, F{x,y) = x. Similarly, 

d{F{y,x),y) < d{F {y , x) , y^+i) + d(y„+i,y) = d{F{y,x), F{yn,Xn)) +d{yn+i,y) 

and 

lim d{F{y, x), F{yn,Xn)) + d{yn+i,y) = 0, 

which implies that F{y, x) — y. This makes end to the proof. D 

As in [4j , Theorem [1] is also valid if we replace the continuity hypothesis of F 
by an additional property satisfied by the metric space X. This is the aim of the 
following theorem. 

Theorem 2. Let {X, <) be a partially ordered set and d be a metric on X such 
that (X, d) is a complete metric space. Assume that X has the following property: 

(i) if a nondecreasing sequence {x„} in X converges to x E X , then Xn < x 
for all n, 
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(ii) if a nonincreasing sequence {yn} in X converges to y ^ X, then ?/„ > y for 
all n. 

Let F : X X X ^^ X be a mapping having the mixed monotone property on X. 
Assume that there exists a, /3 > with a + /3 < 1 such that 

d{F{x, y),F{u, v)) < aM((x, y), (u, v)) + '^[d{x, u) + d{y, v)] 

for all (x.y), {u,v) ^ X x X with x > u and y < v. We assume that there exists 
Xo,yo (^ X such that 

XQ<F{xQ,yQ) and yo> F{yo,xo). 

Then, F has a coupled fixed point {x,y) Cz X x X . 

Proof. Following the proof of Theorem [l] we only have to show that {x,y) is a 

coupled fixed point of F. We have: 

(2.6) 

d{F{x,y),x) < d{F{x,y),Xn+i) + (i(a;„+i, x) = diF{x,y),F{xn,y„)) + d{xn+i,x). 

Since the nondecreasing sequence {x„} converges to x and the nonincreasing se- 
quence {yn} converges to y, by (i)-(ii), we have: 

X > Xn and y < y„, \fn. 

Now, from the contraction condition, we have: 

d{F(x,y),F{xn,yn)) < aM{{x,y),{xn,yn)) + ^[d{x,Xn)+d{y,yn)] 

2 + d[x,Xn) + d{y,ynj 
+ -[d{x,Xn) + d{y,yn)]- 
Then, from (j2.6|) . we get: 



diFix,y),x) < ad(x,F(.,y)).2 + ^(^"'^"+^)+^(^"'^"+^) 



2 + d{x,Xn) + d{y,yn) 

y,yn)] + d 

— > ad{x,F{x,y)) as n -H* +cx). 



+ -[d{x,Xn) + d{y,yn)] +d{xn+i,x) 



This implies that 

{l-a)diF{x,y),x)<0. 

Since < a < 1, we obtain d{F{x,y),x) — 0, i.e., F{x,y) = x. 

Similarly, 
(2.7) 
d{F{y,x),y) < d{F{y,x),yn+i) +d{yn+i,y) = d{F{yn,Xn),F{y,x)) + d(y„+i,y). 

From the contraction condition, we get: 

d{F{yn, Xn), F{y, x)) < ad{y, F{y, x)) 2 + d( ''^^ ) + d(x"' x)^^ +2l-'^iyn,y)+dixn, x)]. 
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Then, from (|2Jl) . we get: 

diFiy,x),y) < a%,f(y,x)) ^+^^^^-^"+^1 + ji^"'^"+^^ +|[%„,y) + d(x„,x)] 

+d{yn+i,y) 
— >■ ad{y,F{y,x)) as n — > +00. 

This imphes that 

il-a)diF{y,x),y)<0. 
Hence, d{F{y,x),y) — 0, i.e., F{y,x) — y. This makes end to the proof. D 

2.2. Uniqueness of the coupled fixed point. 

Theorem 3. Assume that 

(2.8) 

\/{x,y), {x* ,y*) G XxX, 3(zi,Z2) G XxX that is comparable to {x,y) and {x*,y*). 

Adding h2. <^|) to the hypotheses of Theorem\^ we obtain the uniqueness of the coupled 
fixed point of F . 

Proof. Suppose that {x*,y*) is another coupled fixed point of -F, i.e., 

F{x*,y*)^x* and F{y*,x*)=y*. 

Let us prove that 

(2.9) d{x,x*)+d{y,y*)=0, 

where 

lim F"{xQ,yo) ^x and hm F"{yo,xo) ^y. 

n— >+oo n— ^+00 

As in [4 , we distinguish two cases. 

First case: {x,y) is comparable to {x*,y*) with respect the ordering m X x X. 
In this case, for all n G N, 

{F^{x,y),F^{y,x)) - (x,y) is comparable to {F"{x* ,y*),F"{y* ,x*)) = {x*,y*)- 

Also, 

dix,x*) + diy,y*) = diF^\x,y),F-ix*,y*))+d{F^\y,x),F-iy*,x*)) 
< ndix,x*) + diy,y*)]. 

Since < /3 < 1, dH]) holds. 

Second case: {x,y) is not comparable to (x*,y*). 
In this case, there exists (zi, Z2) G X x X that is comparable to (a;, y) and {x* , y*). 
Then, for aU n G N, (F"(zi, Z2), i^"(z2, zi)) is comparable to (F"(a;, y),F''{y, x)) = 
{x,y) and (i^"(a;*, y*), i^"(?;*, a;*)) = {x*,y*). We have: 

rf(a:,a:*) + %,z/) = rf(F"(x, y), F"(a:*, y*)) + ^(^"(y, x), i^"(y*, x*)) 

< d(F"(x,y),F"(zi,Z2)) + rf(F"(zi,Z2),F"(x*,y*)) 
+d(i^"(y,a;),F"(z2,^i)) + rf(F"(;^2,;2i),F"(y*,x*)) 

< I3"[d{x,zi) +d{y,Z2) +d{x* ,zi) + d{y* ,Z2)\. 
Since < /3 < 1, we have: 

lim ;3"[d(a:, zi) + d{y, Z2) + rf(a;*,zi) + rf(y*,Z2)] = 0, 

n— ^+00 

which implies that (|2.9p holds. 
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We deduce that in all cases ()2.9p holds. This implies that {x,y) — {x*,y*) and 
the uniqueness of the coupled fixed point of F is proved. D 

2.3. Equality between the components of the coupled fixed point. If xq, j/q 

in X are comparable, we have the following result. 

Theorem 4. In addition to the hypotheses of Theorenn\^ (resp. Theorem\^, sup- 
pose that Xq, j/o in X are comparable. Then x = y. 

Proof. Suppose that xq < j/o- We claim that 

(2.10) xn <yn, VneN. 

From the mixed monotone property of F, we have: 

xi = F{xo,yo) < F{yo,yo) < F{yQ,xo) = yi. 

Assume that a;„ < ?/„ for some n. Now, 

Xn+i = F''+^{xQ,yQ) 

= F(F^{xo,yo),F'\yo,xo)) 

< F(yn,yn) 

< F{yn,Xn)=yn+l- 

Hence, ([TTU)) holds. 

Now, using (|2.10p and the contraction condition, we get: 

d{x,y) < d{x,Xn+i) + d{xn+i,yn+i) +d{yn+i,y) 

= d{x, a;„+i) + rf(F(^"(a;o, yo), ^^"(yo, xo)), F(i^"(yo, xo), i^"(xo, yo))) + d{yn+i,y) 
= d{x,Xn+i) + d{F{yn,Xn),F{xn,yn)) + d(y„+i,y) 

< d{x,Xn+l) + aM{{yn,Xn),{Xn,yn)) + l3d{Xn,yn) + d(j/„+l,J/) 

2 + d{Xn, Xn+l) + d{yn,yn+l) 



< d{x, Xn+l) + ad{yn,y n+l) 
+/3d(xn,yn) +d{yn+i,y) 

< d{x,Xn+i) + ad{yn,yn+i) 



2 + 2d{yn,Xn) 

+/3d(xn,yn) +d{yn+i,y) 

2 + d{Xn,Xn+l) +d{yn,yn+i) 



2 

+/3[d{xn,x) +d{y,yn))] + d{y„+i,y) + /3d{x,y). 

Hence, 

n a\.n \ ^ ^( \ , ^f , 2 + rf(.T„,x„+i) + d(y„,2/„+i) 
{l-/3)d(x,y) < d{x,Xn+ij + ad{yn,yn+i) ^ 

+/3[d{xn, x) + d{y, y„))] + d(y„+i, y) 
—^ as n ^ +00. 

Since < /3 < 1, this implies that d(x,y) = 0, i.e., x = y. This makes end to the 
proof. D 
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2.4. Remark. If we put: 

fix) ^F{x,x), VxeX, 
for X — y — X and u ^ v ~ y, the contraction (j2.ip implies: 

d{f{x)jm < ad{y, f{y)) ^ ^ '^^f' -^^.f ^ + M^, v), 

1 + d{x, y) 

and we retrieve the contraction of Dass and Gupta [5] . 
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